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The necessity to transmit ever larger amounts of data across networks constantly pushes the information bandwidth of optical communication systems. In an attempt to increase the available bandwidth, the use of optical characteristics other than polarization, wavelength and intensity is of interest to many researchers in the optical communication field. One such additional characteristic is orbital-angular momentum (OAM) [1] . Allen et al showed that beams with a transverse complex amplitude profile of the form ψ = A(r ) exp(i θ), where r and θ are the radial and azimuthal coordinates, respectively, and A(r ) is the radial amplitude, carry an OAM of h per photon [1] [2] [3] . The variable is an integer that is, in principle, unbounded, potentially leading to a larger alphabet for optical communications [4] [5] [6] [7] [8] [9] . In addition to classical considerations, this larger alphabet has been suggested as a way of improving the security of cryptographic keys transmitted with a quantum-key-distribution system [10] [11] [12] .
We recently developed an optical device (mode sorter (MS)) comprising two free-form refractive optical elements that can be used to transform OAM states into transverse momentum states [13, 14] . Acting together, these elements map a polar position (r, θ) in the input plane to a corresponding Cartesian position (x, y) in the output plane such that x = ln(r ) and y = θ , while preserving the relative phase of adjacent points within the beam [13] . This MS transforms a set of concentric rings at the input plane into a set of parallel lines in the output plane [15, 16] and, as it preserves relative phase, it therefore transforms an azimuthal phase gradient into a transverse phase gradient, i.e. OAM states into transverse momentum states. A spherical lens placed behind the second element then focuses the resulting transverse momentum states into specified lateral positions with Cartesian coordinates (u, v) in its back focal plane. Detectors in those positions can therefore measure the power in different superpositions of OAM states-the OAM spectrum-of light incident on the MS [17, 18] .
Key to reliable position mapping is that the transformed coordinates x and y should depend only on the coordinates r and θ that determine the position in the input plane of a light ray, and not on the ray's direction. Our MS works by the first element introducing a spatially dependent deviation to the ray direction, such that upon propagation to the second element the ray arrives at the required position with the Cartesian coordinates x and y. The role of the second element is to ensure that relative phase is preserved. The elements are designed to work perfectly for collimated beams, in which all light rays arrive at normal incidence at the first component. For non-collimated beams we require that the angular deviation introduced by the reformatter dominates over any deviation from normal incidence with which rays arrive at the first element. If the input OAM beam is an annulus of radius r and the separation between the two elements is L, then the angular deviation introduced by the sorter is of the order of tan −1 (r/L), which is approximately r/L for small angles. Deviations from normal incidence of ray directions in the incident beam can be due to beam divergence, alignment or other properties. Irrespective of their divergence, beams carrying OAM are never plane waves as it is an azimuthal component to the Poynting vector that gives such beams their angular momentum in the direction of propagation (figure 1). For a beam described by an azimuthal phase term exp(i θ), the local skew angle of the Poynting vector in the azimuthal direction is given by tan −1 ( /kr ) [19, 20] . Close to the beam axis, i.e. for r ≈ 0, this skew angle reaches 90
• , and so the deviation introduced by the sorter cannot dominate, but conveniently OAM states with = 0 are dark along their axis. It follows that for the sorter to work well for beams of radius r , we require /kr r/L, which gives (with k = 2π/λ) We note that the rhs of this equation reaches its maximum value when the radius of the input beam matches the radius of the optical element and then the rhs is essentially the Fresnel number of the optical elements. The main result of this paper is the demonstration of an optical mapper comprising components whose Fresnel number is sufficient to distinguish more than 50 OAM states. In addition to increasing the measurement bandwidth, we present a further modification which allows measurement of the full radius-OAM spectrum, i.e. the OAM spectrum present at different radii r in the incident beam, simultaneously for all values of r . The MS maps any centred, thin ring of light of radius, r , to a thin line with a corresponding x-coordinate. However, the OAM spectrum cannot be deduced, as this requires Fourier transformation. A subsequent spherical Fourier lens performs this Fourier transform and therefore allows measurement of the OAM spectrum, but loses all information about r . Our solution is to combine the spherical Fourier lens with a cylindrical lens. This combination can be thought of as two orthogonal cylindrical lenses of different focal lengths, one performing an optical Fourier transform of the y-coordinate and the other imaging the x-coordinate. It is then possible to measure the OAM spectrum simultaneously for all values of the radial coordinate.
To maximize the Fresnel number and therefore OAM bandwidth, we designed our freeform optical elements such that they have the largest aperture that can be achieved by our method of manufacture (R = 12 mm) and the shortest possible separation between the optical elements (L = 300 mm), which is limited by the maximum surface gradient that can be machined. The resulting Fresnel number is F = R 2 /Lλ ≈ 760. However, for measuring laser beams of finite size, we note that the effective Fresnel number of the system is set by the radius of the optics, or the radius of the beam itself, whichever is smaller. The elements were diamond machined using a Nanotech three-axis ultra-precision lathe in combination with a Nanotech NFTS6000 fast tool servo system to provide a fast axis superimposed on one of the axes of the lathe. The increase in the aperture size results in deeper cuts as the overall thickness variation of the surface has increased. A vacuum chuck is generally used in such a lathe; however, due to the large cut depth a semi-permanent bonding technique is used. A water-soluble wax, produced by Nexgen Optical, was used as the bonding agent as this can easily be de-bonded with the use of a standard ultrasonic system. The output plane of the MS was focused to the plane of the detector using a spherical lens (L 3 in figure 2 ; focal length f 3 = 500 mm) in combination with a cylindrical lens (L 4 ; focal length f 4 = 40 mm), giving a lateral displacement of 17.6 µm for an increase = 1 in OAM value and a radial magnification of 0.096.
We generate the input OAM test modes by the use of a simple forked diffraction grating created using an SLM that is illuminated by the expanded Gaussian beam produced by a HeNe laser [21, 22] . This results in a helically phased beam with a Gaussian intensity distribution. To obtain radial control of the intensity distribution we apply a spatially dependent reduction of the contrast, allowing us to create in the first-order diffracted beam a close approximation of any Laguerre-Gaussian mode of choice [23] . This approach allows control over the beam waist w 0 independent of the mode index. The SLM is then imaged to the input pupil of the OAM MS. Varying w 0 therefore allows measurement of the OAM bandwidth for different effective Fresnel numbers.
We generate a set of sequential input modes over the range = −28 to +28 with a specific w 0 . Three different values of w 0 were tested for the same set of -values, corresponding to three different effective Fresnel numbers. A CCD array was placed at the focal plane of the final lens where adjacent, equally sized regions were defined, each corresponding to a specific -value. The total intensity over all the pixels in each region was summed to give the relative power in each of the OAM modes. As discussed in our earlier work, this approach has some residual crosstalk that can be deduced by considering the focal spot produced from a top-hat aperture [13, 14] . In our case, the transformation of a set of concentric rings of light at the input to parallel lines, with finite extent, at the output results in a Sinc distribution when such an output is focused. The secondary maxima of the Sinc distribution give crosstalk into adjacent OAM channels. This predicts that, for low -values, approximately 80% of the input light will be present in the correct bin [14] . Our results ( figure 3(a) ) show an increase in crosstalk for higher -values in the form of a blurring of the diagonal, which is consistent with the higher skew angles present in such beams. When the effective Fresnel number is increased, this crosstalk at higher -values is reduced (figures 3(b) and (c)). All our experimental results are in close agreement with a model based upon plane-wave decomposition.
To show that our setup can measure OAM and r simultaneously, we generated a superposition of nine different modes. Both numerically modelled and experimentally measured radius-OAM outputs as measured by the CCD array are shown in figure 4 . It should be noted that sorting of different beam waist can increase the available channels, but as the effective Fresnel number of the system is different for each value of w 0 , smaller beams have a more restricted bandwidth.
In conclusion, we have presented a scalable solution to increasing the available OAM bandwidth of an MS based on optical reformatting, and we have demonstrated that this works by measuring OAM spectra of over 50 -values. We have also modified the setup so that the OAM spectrum can be measured as a function of r . We believe that these improvements will increase the feasibility of such a measurement technique being implemented as a tool in the fields of optical communication and quantum optics.
